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1. Introduction 

Let Eq be the compact, connected, simply connected, exceptional Lie group of rank 6 
and BEq its classifying space. Then we have the Rothenberg-Steenrod spectral sequence 
{Er,dr} ( |RSj ) such that 

E2 = Cotor^*(^^.^3)(Z3, Z3) and E^ = gi H*{BEq- Z3). 

The ii^2-term was calculated by Mimura and Sambe [MSj . where some details of the 
calculations are somewhat omitted. This is one of the reasons why we give here a detailed 
account of them. After the calculations of the £'2-term, the collapsing of the spectral 
sequence was proved by Kono and Mimura [KMj : thus one can obtain the module struc- 
ture of H* {B Eq] Zs) . (See also Toda [T], in which the collapsing is shown by a different 
method.) Further in order to determine the ring structure of H*{BEq]'L^), we will need 
more information (see |MSTlj ). that is, we need to add supplement to the results of [MSj . 
This is the main reason for the present work. 

The paper is organized as follows. In Section 2 we state our results. In Section 3 we 
prove Theorem 2.1 and in Section 4 we prove Theorems 2. 3. A and 2.3.B. In Section 5, we 
compare our calculation to the May spectral sequence. 

Thus the present work is essentially a supplement, and hence a more detailed version, of 
|KM] and |MS] . The results of the present work are announced in |MST2] . 

In the series of our work, we will determine H*{BEq] Z3). Continuation follows. 

Throughout the paper, the coefficient field is always Z3, which is hereafter omitted. 
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2. Results 

Let us start with 

Notation For a commutative ring R, we denote by R{xi, . . . ,Xn} a free -R-module 
generated by elements xi, . . . , Xn- For a graded algebra S, we denote by 5*+ the ideal 
generated by the elements with positive degrees. We also denote by T(xi, . . . , x„) a tensor 
algebra generated by elements Xi, . . . , Xn, and by A{x) an algebra additively isomorphic 

to Z3 ©Z3{x}. 

The following is essentially the restatement of Theorem 5.20 of |MS] . 
Theorem 2.1. Cotor^,(-^g)(Z3, Z3) is additively isomorphic to the following module: 

(C © £)) (g) Z3[X36, X^s, 2^54], 

where C = Z^la^, as, aio]{l, 2/20, vIq, 2/22, |/22> I/20I/22, 2/58, Z/eo, 2/76} 

© Z3[a8, aio]{y26, l/ie' 2/2o2/26, 2/222/26, 2/64} 
and -D = Z3 [x26] ^ { 1 , 04 , as , aio , 2/20 , 2/22 , aio2/2o , 2/26 } 

© Z3[x26]{a9, 2/21, 2/25, 2/27, 2/21^8, 2/21010, 2/25010, 2/212/26}- 

By an easy calculation one obtains 
Corollary 2.2. The Poincare polynomials PS of them are given respectively by 

git) 1 



PS'(C © Z3 [X36 , 0:48 , 2:54] ) 

PS{D © Z3[a;36,a:48,X54]) 



(1 - t^){l - - tlO) (1 - t36)(l _ t48)(l _ ^54) 

hit) 1 



l_t26 (1 _t36)(l _^48)(1_^54) ' 

where g{t) = 1 + t^O + ^22 ^ ^26 _ ^30 ^ ^40 ^ ^42 ^ ^44 ^ ^46 ^ ^48 _ ^50 _ ^56 ^ ^58 

+ ^60 ^ ^64 _ ^68 ^ ^76 
and =f + t^' + + + ^27 + ^29 + ^SO + ^31 ^ ^34 ^ ^35 _^ ^36 + ^46 + ^47 

+ t48+^52^^56_ 

The following two theorems will play an important role when determining the ring struc- 
ture of H*{BEe) (see |MSTl] l 

Theorem 2. 3. A The extension 

^ D © Z3[X36,X4S,X54] Cotorj;^*(£;g) (Z3, Z3) C © Z3 [X36, X4S, X54] 

is split as algebras. 

Theorem 2.3.B We have an algebra isomorphism 

CotOTH,^Ee)i^3^ ^3) = ^3[a9, 3:26, 2/21, 2/25, 2/27, ^4, ^8, CHO, 2:36, 

2^48, 3:54, 2/20, 2/22, 2/26, 2/58, 2/60, 2/64, 2/76] 

where I is the ideal generated by the following 
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i) 04^/26 = - 08^/22 + 0102/20, 

042/64 = - 081/60 - ahh - aio2/58, 

y^2 = - 042^54 - alalaloy22 + 04080101/22 + O4O102/202/22 + alo^se, 

yloy22 = - 042/58 + OgOioXse, 

2/202/12 = - «42/60 + 080^0^36, 

2/582/22 = - 042/76 " ^4(1^60 + OgOio^ae + 080ioa;362/26, 

2/602/22 = al^smo + 04080?o2/202/22 + O4O8O102/6O + 040?o2/58 

+ o^afoa^ae - o?oa^362/26, 

2/762/22 = - 04X542/io " O40IX542/2O + 04010X482/22 + 04o|aio2/202/22 

+ O4a|a?oy58 + 04080102/75 - Ogof 02^36 + Oioa:;362/i6' 

2/222/26 = - 04a|x54 - o|afo2/22 + 08aio2/222/26 + Oio2/64, 
2/202/222/26 = 082/60 " Oio2/58, 

2/222/26 = 04082:54 + 04o|aio2/22 - 080102/12 " 080?o2/202/22 " Oio2/60, 

2/642/22 = o|a|a;54 - 0408X54^/20 + 040^0^02/22 - o^Oio2/i2 + oio^oy2o2/22 

- asaloVbs + oio2/76, 

2/20 = 04X48 — a^a^y2o — 04032/20 + 082^36, 

2/io2/22 = - 042/58 + OgOioXae, 

2/582/20 = - O4X482/22 - a4.aly 58 + O4Ogt/202/22 + 03X362/26 + OgOioXae, 

2/602/20 = - 042/76 - 040^1/60 + ofo^oXae - O8O10X362/26, 

2/762/20 = 04X482/^2 + O4O82/60 + cisXseyie - o|o^oX36, 

2/202/i6 = 040^0^48 + 082/64 " o|2/222/26 " O80?o2/20 - 080io2/202/26, 

2/202/26 = o|oioX48 - O4o|oioy20 + 082/58 " ofoioylo, 

2/642/20 = O4O10X482/22 + 082/76 " 082/60 " o|oio2/202/22 + 080io2/58, 

^58 = - 0|X482/60 - O40IX482/I2 - olOgyeO + 04080102^36 + O4O8O10X36X48 + o|x362/64, 

2/582/60 = - O4X48X54 + a|a^X54|/20 + a|o80ioX482/22 + O40IX542/I0 - olo|ofo2/2o2/22 

- 0^0^02^1/58 - O^o|oioy76 + o|o80ioX482/|2 + O4«'10^482/202/22 " O40IX36X54 
+ O4o|ofo2^36 + O40io2^362^48 ~ OgOioX362/22 " OgOioX362/2o2/26 ~ 080ioX362/64, 

2/582/76 = O|x48a;542/20 + 0^030^0X482/22 - o|o8X542/io " o|o|Oio|/2o2/22 + o|o^Oio2/60 

- O4O8O102/58 + o|o80io2/76 + o|o80ioX482/202/22 + o|o80ioX482/60 
+ O4O1QX482/58 + O408ofoa:362:48 + o|x36X54t/20 ^ OgOioX362/20 

+ 080ioX3gl/2o2/26 ^ 03010X36X482/22 ~ of 02:363:482/20) 
2/582/26 = - 04010X437/22 + 082/76 + o|2/60 + 08 0io2/202/22 - a|oio2/58, 
2/582/64 = 0I08X48X54 — 0403X547/20 + O4o|x54l/|o ~ O4O8O102/6O — 040gOio2/76 

- O4O8O10X48I/202/22 + O4O10X43I/6O + 03X36X54 + OgOioX36 — OgOioX362/26 

- 03010X362/26 + 030^02:362:48, 

y|o = o|x542/58 + 0^080?o2;482/22 " 0^o|ofo2/202/22 " o|o|o?o2/58 " o|o^O?o2/76 

- 0^030ioX542/io + 040^02^482/22 + O40I010X36 - O4O8O10X36X54 - o|ofo2;362/22 
+ O|o^o^36y20 + 080^02^36^222/26 + 080?o2;362/202/26 + 0^02:36^64, 

2/602/76 = o|x48X547/22 + 0I08O10X48X54 - o|o^OioX547/20 + olo|ofo2:482/22 - O4o|x54y202/22 

- O^O^ofo2/202/22 + 040^0^02/60 - 04o|o?o2/58 + 04o|o^o2/76 " 04030? 02^482/202/22 
+ 04010X43^/60 + 0403010X36X54 + O4O8O10X36X48 + o|x36X54l/22 

+ 03010X362/222/26 + 03010X36X541/20 ~ OgOioX362/64 010X36X437/22, 
2/602/26 = - O4O3X54I/20 - o|o?o2/202/22 + oioio2/60 " 030^02/58 " Oio2/76, 
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VmUM = aiaioX48X54 + alajaioX54y2o + a!a8«io^48?/22 - ajasx^^ybs 

— 040^X547/202/22 + a4«8«io2/2o2/22 + alalal^yeo + a4«8«io2/58 + aIa8a?o^48yi2 

— a4afo^482/202/22 + 04030^0^36 ~ <3-40gOioX36X54 

4 I 5 3 4 4 

— a^a^QX^QX^s + OgO;^o^362/22 — 080^0^362/20? 

2/26 = ^8^54 — OgOfo2/26 " a8'^102/26 + '^10^48, 

2/642/26 = - 040gX54 + o|x54?/20 " «iaio2/22 + a8'^102/222/26 + 08^102/64 + a?o^482/22, 
2/64 = ~ 040gOioX54 + O4O8O10X48X54 — 040ga;54?/22 — 040gO]^o2/22 + '240gOioa;54?/20 

+ 04o|o?oa;482/22 + OgX542/58 - 03X542/202/22 - 0^ofo2/202/22 + 0^0?o2/58 

4 2 2 2 2 3 2 

— 080;^o2/76 — «80]^o^482/22 ~ 0-8010^482/202/22 — 0^0^482/60, 

2/76 = ~ mXb4y2Qy22 ~ a-4O'8Q'103;483^54 ~ Q-lOs"'' 48^^542/22 + 0-408010X541/20 
+ 0^0^0?oX482/22 - ala8aioa;48a;542/20 - a4a83;542/58 + a4«83^542/202/22 

— O4O8O102/202/22 — O4O8O102/6O ~ '240gOio2/58 + 040gOioX54|/20 

242 2 23 |22 94 

— 04080^0X482/22 ~ a-4080ioX482/58 + O4O10X482/76 ~ O4O8O10X36 

— O4O8O10X36X48 + OgX36X54?/2o2/26 ~ '^8^362^542/22 + Ct8'^io^362/22 

74 53 i42 23 

— O8O10X362/2O — OgOioX362/202/26 + %Cfl0^362/64 " OgOioX36X482/22 

+ of 0X36X48 2/222/26, 

2/762/26 = a4a|x542/2o - a4a80ioa;482/22 + CLsX^^yl^ - 0^ofo2/202/22 

+ '3-8'2l02/60 — 08'^lo2/58 " 0-80-102/76 + O-102;482/22, 

3 2 2 2 6 2 

2/642/76 — 040gOioX48X54 — O4O8X48X542/22 ~ '3-4O8O10X54J/20 — 04010X48X542/20 

— 040^X547/58 - 040^X547/202/22 + a4a8«io2/2o2/22 + a4aIa?o2/60 

i63 52 4 2 322 

+ 040gOio2/58 ~ O4O8O102/76 ~ O4O8O10X547/20 ~ 040gOioX482/22 

+ O4O8O10X482/6O ~ 04ofoX482/58 + o|x36X547/26 + O8O10X36 

— OgOioX362/26 + O8'^102;363;54 + 08*^102/582/22 + 08^10^362/26 
+ O8O10X36X48 + OioX36X482/26- 

ii) Og, 7/21, 2/255 2/27' 

O92/2I + X26O4, O97/25 + X26 08, O97/27 + X26O10, 
2/212/25 + a;262/20, 2/212/27 - a;262/22, 2/252/27 " 3:262/26, 

iii) ogS^Q, 7/2i5^Q, 2/255^<5, 2/275^Q, a;265^Q, 

0904, 0908, O9O10, 

2/2104, 2/2508, 2/27O10, 
2/2108 + O97/20 = 2/2504 - O97/20, 
2/21O10 - 097/22 = 2/2704 + 097/22, 
2/25O10 - 097/26 = 2/2708 + 097/26, 

2/212/20, 2/252/20, 2/212/22, 2/272/22, 2/252/26, 2/272/26, 

2/272/20 - 2/252/22 = 2/252/22 + 2/2l2/26 = "2/272/20 " 2/2l2/26- 

Here the definition of d is given in fl3.3p . and tlie table of 9^-image is given in Lemma 
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3. Proof of Theorem 

First let us recall some results from |MSj . We consider the differential algebra {V,d) 
defined as follows: 

V = T{a4, as, aio, &12, &16, &18, ag, C17)/ J, 
where J is the ideal generated by 

agbj — bjag + Cnaj_s for j = 12, 16, 18 

and 

a/3 — (— l)''^""'/3a for all the pairs (a, /3) of the generators 

except {ag,bj) with j = 12, 16, 18 and (09,017); 

the differential d is given over generators by 

(3.1) dai = for i = 4, 8, 9, 10, dcn = Og, dbj = —aQaj^s for j = 12, 16, 18. 

Then the differential algebra {V,d) is seen to be a resolution of Z3 over H*{Eq). (For a 
proof, see Theorem 5.7 and Corollary 5.8 in |MSj .) So by the definition of Cotor we have 

Theorem (pS]) H*{V, d) = Cotor^.(^^)(Z3, Z3). 

We will use a spectral sequence to calculate H*{V, d). To that end we need to introduce 
a filtration in V. To begin with, we fix an additive basis of V. The following lemma is 
straightforward from the definition of the ideal J. 

Lemma 3.1. We have an additive isomorphism 

V = T{a9,cn) Z3[a4, as, oio, &12, &16, 

Hence as a basis of V we can choose the following monomials: 
yo.z,) Ug ... ag c^^ 04 ag "io'^i2"i6"i8- 

We define a weight by 

w{a.-^ = 2 for z = 4,8,10; 
w{bj) = for j = 12, 16, 18; 
w^ag) = 1, w{cn) = 2, w{0) = 00. 

For a monomial of the form (13.21) . we define the weight by 

w{ai . . . an) = w{ai) + ■ ■ ■ + (q;„). 

For an element x = ^ AjXj, where Xi is a monomial given in (13. 2p and Aj G Z3, we define 
that w{x) = inf w{xi). Then we introduce a filtration in V by setting 

i 

FW = {x eV \ w{x) > p} for p G N. 
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It is easily seen that {F^V} is a family of differential graded algebras giving a decreasing 
filtration. Hence from this filtration we can construct a spectral sequence {Er, dr} such 
that Eq = V and E^o = H*(y,d), namely, converging to Cotorj:^*(^g-)(Z3, Z3). 

It is convenient for later use to introduce here an auxiliary derivation 9 on a subalgebra 
Z3[a4, as, aio, &12, ^16, ^is] of V defined as in (5.9) of [MS]: 

(3.3) dtti = for i = 4, 8, 10; dbj = -aj.s for j = 12, 16, 18. 

Since the only non trivial differential on the generators of Eq is ^0(^17) = ctg by (13. ip . we 
have that 

El = Zs[x26] ® ^3(04, as, aio] ® Hag) ® Zs[bi2, biQ, bis], 
where X26 = QgCir — CiyOg. Since di = d2 = for degree reasons, we have 

El = E2 = -E3. 

We remark here that E^ = Ei is a commutative algebra in the graded sense and also 
that d^ is a derivative differential, i.e., 

dsixy) = d^{x)y ± xd^{y), x,y e E^ 

such that 

4(^12) = -0409, 4(^16) = -agag, dsibis) = -aioOg, 

which are obtained by the differential formula (13.11) . 
In the next steps, we will use the following 

Convention Let (M, d) be a differential module such that M = Mi © M2 © A^i and 
that d{Mi) C A''i and d\M2®Ni = 0. Then we denote Ker dCiMi by Ker d and Ni/d{Mi) 
by Coker d. 

Under our convention, we have that 

H{M) = Ker c/ © Coker d © Mg. 

Moreover, for simplicity we will describe the differential d only on Mi. If not specifically 
denoted, we understand that d{a) = for a G M2 © Ni. 

To calculate the i?4-term, we introduce another spectral sequence starting with the E3- 
term. That is, we define a weight w by 

(3.4) w{bi) = for i = 12, 16, 18, w{x2e) = ui^ag) = w^a^) = 0, w(as) = ui{aio) = 3. 

By similarly introducing a filtration using the weight w as before, we obtain a new spectral 
sequence {Er,dr} such that Eq = E^ and E^o = -^4. 

At the i?o-term we see that the relation ^3(612) = —^409 gives (io(&i2) = —0409, from 
which we obtain that 

El = (Z3[a4,a8,aio,X2G]{l,agbl2} ®'^3[as,aio,X26]{ag,agbi2}) ® Z3[biG,bis] (S) I^slbu]- 



COHOMOLOGY MOD 3 OF THE CLASSIFYING SPACE OF Ee 

Since the relation ^3(616) = — OgOg gives di{biQ) — — agCg, we have that 



E2 = ( ^3(04, as, oio, X26] ® as, aio, a;26]{a4&i6, «4&?6} 

® Z3[aio, X26]{a9, og&ie} ® ^sK, oio, 2;26]{a9^'?6} 
® ^3(04, 08, oio, X2e\{agbl2, 09612^*16, og^ia^'ie} 
® Z3[a8, aio, X26]{a9^'i2, a9^'i2&i6, agbublQ} ) ® Z3[6i8] ® 1^3[bl2, blol 



It follows from the relation d(a4&^g + a8&i2&i6) — —0809612 + a4a|ci7 giving (^3 (046^5 + 
08^'i2^'i6) = —08^9612 in -E's that (^2(04616) = —(ilagbi2, which implies that 

E3 = (^Z3[a4, a8, aio, a:26]{l, 04^16, 04^16} ® ^sfoio, a:26]{a9, 09^16} 

® Z3[a8, aio, X26\{a9bl(^} © ^3(04, ag, aio, a;26]{a9&?25 a9&?2^i6, ^dbubw} 
ffi Z3[aio, xse] O A(a8){a96i2} ffi ^3^, aio, a;26]{a9&i2&i6, a9&i26?6}) 

®Z3[6?2,&?6]<^^3[M- 

Using the expression Z3[6i8] =^3(1,618,618}® ^3[^i8]> the £^3-term may be rewritten as 



E3 — (^Z3[a4, as, aio, 3:26]{1, 61s, 613, a46i6, a46i66i8, a46i66^g, a|6ig, a46ig6i8, a|6ig6i8} 
© Z3[aio, a;26]{a9, a96is, agbig, agbi^, 09610618, 09616618} 

© Z3[a8, aio, a;26]{a96?6, agbjebis, agbj^bj^} (4) 
© Z3[a4, as, aio, 3;26]{a96i2, 096^3618, 09612618, 096^2^16? a96^2^i6^i8? a96i26i66i8, 

a96?2&?6> a96?2^?6^18, a96?2&?6^?8} (5) 

® Zsfaio, X26] ® A(a8){a96i2, 09612618, 09612618} 

® Z3[a8, Oio, ^26] {09612616, 09612616618, O9612616618, 

09^*12616, 096126^5618, 09612 

blebis}) (7) 

(8)Z3[6?2,6f6,6?8], 



where (4), (5) and (7) will appear in Lemma 3.6. The only non trivial differential 
ds : Z3[a4, 08, oio, a;26]{6i8, 618} — > Z3[aio, a;26]{o9, 09618} 

is given by ^3(618) = — flgflio which is obtained from d{bis) = — OgOio, and hence (^3(6^8) = 
09010618- It is immediate to see that 



Ker ds = Z3 [04, as, oio, X26] {04618, 046^3} © Z3[a8, oio, a;26]{o86i8, O8618}, V 
Coker ^3 = Z3[a;26]{o9, O9618}. 2' 
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Thus we have that 

= (Z3[a4, as, aio, X26]{a4fei8, a^bis} ® '^sWs, Oio, X26\{a8bi8, asbl^} 

© Z3[a4, as, aio, X26\{1, a^bie, a^biebis, a^biebj^, albje, al&?6^i8, ^l^ie^is} 

© Z3[x26\{ag,agbi8} 

© Zs[aio, X26\{agbls, Og&ie, og^'ie^'is, Ogftiefofg} 

© 23(04, og, Oio, X2e]{agbl2, 09612^18) 0^9^12^18' Qg^L^ie? 09^12^16^185 09^12^16^18' 

a9&?2^?6> agbj^bjebis, agbj^bj^bls} 
© Zafaio, Xae] O A(a8){a9^i2, 0'9?^i2^^i8. agfeis^^g} 
® Z3[a8, oio, a;26] {09^12^16, a96i26i6&i8, 09612616613, 

09^12616, 09^12616618, 09612 

^Z,[bl2,blM- 



The relation (is (04615618 — O8612618 — O10612616) = —0809010612 in £'3 imphes that the only 
non trivial differential 

di : ^3(04, 08, Oio,a;26]{o46i66i8, 046156^8} Z3[oio,a;26] ® A(o8){o96i2, 09612613} 

is given by (^4(04616618) = — O8O9O10612, and hence ^4(046166^8) = O8O9O10612618. So we have 
that 

Ker d4 = 23(04, ag, Oio, a;26] {04615618, 046166^8} ^, 

© ^3(08, Oio, a:;26]{04086i66i8, O4O8616618}, 

Coker = 23(010, a;26]{o96i2, 09612613} © 23[a;26]{o9086i2, 09O8612618}. 4' 
Thus we have that 

E5 = (^23(04, O8,aio,a;26]{o46l8, 04613} © 23(08,010, a;26]{086i8,086i8} 

© 23(04, os, Oio, 3;26]{1) 04616, 046^5, o|6ig6i8, o|6ig6i8} 

© 23(04, O8, Oio, a;26]{o|6i66i8, 046156^8} ® ^3(08, Oio, 2;26]{04086i66i8, O4O8616618} 
© 23(X26]{09, O9618} © 23(010, a:26]{096^8, O9616, O9616618, 096156^3} 

© 23(08, Oio, a;26]{o9&?6) 096^6^18, 096?e6?8} 

© 23(04, 08, Oio, 2;26]{096i2; O9612618, 09612618; O9612616, 09612615618, 096126156^8, 

09^12^16' 096^26^5618, 09612615618} 
© 23(010, X26]{o96i2, 09612613} © 23 (a:;26] {0903612, 0903612613} 
© 23(010, X26] <S> A{a8){agbi2bls} 

© 23(03, Oio, a;26]{096l26l6, 09612615613, 09612615618, 

09&12615, 09612616618, 09612 

«)23(6?2,6?6,6?8]. 
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The relation dz{a^h\^ + aio^ie^ig) = —0^009616 in implies that the only non trivial 
differential 



4 : Z3[«8,«10,a;26]{«8&l8} ^3[«10,2^26]{a9^16} 

is given by ^5(086^8) = —a^Qa^hiQ. Hence we obtain that 

Ker dk = Zafas, aio, X2(i\{alh\^} , 5' 
Coker = A(aio) ® 'Lz[x2&\{aghiQ} . 6' 



Thus we have that 

^6 = (^Z3[a4,a8,aio,X26]{a4&i8,a4&?8} ©^3[a8,aio,.«26]{a8^i8,ai^?8} 

e ^3(04, 08, Oio, a;26]{l, «1&16, «4&?6' «4fe?6^18, «4^?6^18' «4^16^'l8, a4^16^'?8} 

e Zsfas, aio, a:26]{a4a86i6&i8, a4a8^i6^?8} 

© Z3[a;26]{a9, 09^18, 0908^12, 0908612^18} 

© Zsfoio, X2Q\{a<jh\^, agbiabis, agbieblg, agb^, O9612618} 

© Z3[x2e] © A(oio){o96i6} 

© Zsfos, Oio, a:26]{a9&?6! «9&?6^18, a9&?6^18} 

© Z3[o4, 08, Oio, X26]{agbl2, 09^12^18, '^9612618? Q'9612616, 0.96^2^16^18, a'9612616618, 

agbl^b^Q, agbl^bl^bis, agbj^bj^bj^} 

® Zgfoio, a;26] © A(08){096i26?8} 

® Z3[o8, Oio, a;26]{a96i26i6, 09612616^18, 096126166^8, 

agbublg, 096126^6^18, a96i26?66?8}) 

©Z3[6?2,6?6,6?8]. 

Similarly the relation cia (046^8) — ^90^0612 in E3 implies that the only non trivial differ- 
ential 

de : Z3[o4,a8,aio,a;26]{a46i8} ^3[«io, 2;26]{a96i2} 
is given by rfg (046^8) — ^19^^10^12, from which we have that 



Ker 4 = Z3[o4,08,oio,a;26]{al6i8} © Z3[o8, oio, a;26]{a4a86?8}, 
Coker de = Z3[a;26] © A(oio){o96i2}. 



T 
8' 
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Thus we have that 

= ^^3(04, 08, Olo, X26]{a4&18, albis} ® ^sK, OlO, X26\{a8bl8, Osfefg, 04086?8} 

e Z3[04, Og, Olo, X26\{1, 04616, olfcfg) ^4^16^18, al6?6^18> «4^16^'l8, al^'l6^'?8} 

© Z3[a8, oio, X2e]{a4asbiebis, a4a8&i6&?8} 

© Z3[x26]{a9, Ogfeis, 0908^12, 0908612618} 

© Z3[aio, X26\{agbjg, agbiebis, ogfoie^ig^ a9&i2&i8} 

© Z3[x26] ® A(aio){a96i2, a9&i6} 

© Z3[a8, Oio, X26]{agblQ, agbl^bis, agbj^bl^} 

© Z3[o4, 08, Oio, a;26]{09&l2) 09612^18, 09612^18' 09^12^16, a'96i2&16^18! 09&i2^16^l8) 

agbj^blQ, agbl^bl^bis, a96?2^?6^?8} 

© Z3[oio,a;26] ® A(a8){a96i26i8} 

© Z3[o8, Oio, a;26] {09^12^16, 09^12^16^18, 09^12^16^18' 

O9612616, 096i26?6^18, 09&12fe?6^18}) 

®Z3[6?2,&?6,&?8]- 

Then for degree reasons we see that = for r > 7 so that Ej — E^, which gives the 
£'4-term of the original spectral sequence. 

Now we can summarize our calculations from (4) to (7) and from 1' to 8' as follows; 
for the kernel parts, we have 

Z3[04, 08, Oio, 2^26]{1, O4616, o|6ig, O4618, of^ig, o|6i66l8, 04615618, 0,16156^3, o|6ig6ig} 

© Z3[08, Oio, a:26]{086l6, o|6i6, O4O8616618, 04086ig, 04086i66ig}; (1) 

for the cokernel parts, we have 

Z3[a;26]{09, 09612, O9616, O9618, 0903612, O9O10612, O9O10616, O9O8612618} (2) 
© Z3[oio, X26]{a96l26i8}. 

Hence we can write 

(3.5) E-j^E^ = (1) © (2) © Z3[oio, a;26]{o96i26i8} © Z3[oio, X26] {09615618, 09616613, O9618} 

© (4) © (5) © Z3[oio,a;26] ® A(o8){o96i26^8} © (7). 

Then one can verify that the following elements are chosen to be generators of the filtered 
algebra Eq: 



y2o 


— — 04616, 


^22 


— O4618, 


^26 


— dsbis, 




2 1,2 L 

= — O4016018, 


Vm 


27 7 2 

= — O4016018, 


Vu 


= -0^6126^8, 1/76 = -04^'?6^?8> 


y2i 


= 09612, 


^25 


— 09616, 


y27 


= O9618. 



Numbering the term Z3[oio, a;26]{o96i26i8, 09615613, 09616618, 09618} by (3) and the term 
Z3[oio,2;26] <S> A(o8){o96i26^8} by (6), we have proved the following 
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Lemma 3.2. We have that 



= (^Z3[a4, as, aio,X26]{l, 2/20, Z/io' 2/22, yi2' 2/201/22, 2/58, 1/60, 2/76} 

© Zg [as, aio, xae] {2/26, vle, 2/202/26, 2/222/26, 2/64} (1) 

© Z3[x26]{a9, 2/21, 2/25, 2/27, 2/2108, 2/21^10, 2/25^10, 2/2l2/26} (2) 

© Z3[aio, X26]{agbi(ibis, agbiebj^, agb^bis, agfefs) (3) 

© ^3[ct8, Q-IO, 2;26]{ct9^l6, ^^9^16 6l8,a96?6^?8} (4) 

© Z3[a4, as, aio, X26]{ct9^i2, '^^9^12^18, ^^9^12^18' '^9^12^16, 096^2^16^18, 

agbl^bi^bl^, agbl^ble, agbj^bjebis, agbublebl^} (5) 
© Z3[aio, X26] © A(a8){a96i26?s} (6) 
© Z3[as, aio, 3^26]{o96i26i6, 09612616618, O961261661S, 

096126^6, a96i26?66i8, 096i26?66?s} ) (7) 

© Z3[X36,X48,X54], 

where the cocycles yi and Xi are defined as follows: 

2/20 = 08612 - O4616, 2/22 = O461S - O10612, 2/26 = O861S - O10616, 

2/58 = d'^ibl^bl^bi^), yeo = {bl^biebl^) , y^^ = d"^ {bi2blebls) , 2/76 = 5^(6?2&?6^?8), 

2/21 = O9612 - Ci7a4, 2/25 = O9616 - Ciyas, 2/27 = O961S - Ci7aio, 

3^36 = 6^2, a;4s = 6^g, 0:54 = 6^g. 

As for the auxiliary derivation d defined in fl3.3p we have the following formula: 
Lemma 3.3. Let Q be an element of Z3[a4, as, aio, 612, 616, 613] . Then we have 
(3.6) X2(id\-Q) = d{agQ + cndQ). 

Proof. Using a formula 6"a9 = agh^ + ncnai_^b^~'^ one can show by a tedious computation 
that 

d{agQ) = —a^dQ — agCnd^Q and d{cndQ) = o^dQ + Cyjagd'^Q, 
from which the lemma follows. □ 

Looking at the expression of Lemma 13. 2^ we see that all the possible non permanent 
cocycles appear in the terms from (3) to (7). Consider an element 

-X2%d'^Q = d{agQ + CndQ) 

in (13. 6p . where Q = /(a4, as, 010)6*12^16^18 ^ ^3[o4, os, oio, 612, 616, 61s]. Then we have 

w{agQ) = w{ag) + wiQ) = 1 + w{f). 

We also have 

w{dQ)>2 + w{f) and w{d'^Q) > 4 + w{f), 
since dQ and d^Q are of the form 

^0/,/(a4,08,oio)65'26{66^^ and a^^aufiai, as, 010)6^2^16^18 
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respectively. Thus we have 

w{agQ + cndQ) = 1 + 

w{-X26d^Q) = w{x26) + w{d^Q) > 3 + 4 + w{f) = 6 + w{agQ + cndQ). 
So we have 

w{-X26d'^Q) - w{agQ + CndQ) > 6. 

Therefore by the formula fl3.6p we see that the differential d increases the filtration degree 
defined in the paragraph below fl3.2p by more than 5. This means that 6/4 = and d^ = 0, 
whence = = Eq. 

Now it follows from Lemma 13.31 that 

deiagQ) = -X2ed'^Q. 

To calculate the E'y-term, it is more convenient to regard the E'y-term (or equivalently 
the i?4 = EQ-term) expressed in Lemma 13.21 as being equipped with the differential d^. 
Then the filtration of Eq defined similarly by f l3.4p 

(3.4)' w'{bi) = for i = 12, 16, 18, 

U!'{x26) = w'^ag) = w' (a^) = 0, w'{ag,) = 1, 'W7'(aio) = 3 

induces a spectral sequence {El.,d'^} such that E'q = Eq and E'^ = Ej. Then we see that 
the differential d'(^ is non trivial only on (5) which is mapped to (1), where we have by the 
above formula and (13. 3p that 

(^0(096^2) = ~X26Cl'i, C?o(fl9^12^18) = —X2&(^iy22i "^ol '^9 ^12^18) ~ ~^26l/225 

4,(096^2^16) = -a;26«4l/2o, 4(096^2^16^18) = -a;26l/2oZ/22, d^iagbl^biabl^) = -X2eyeo, 

d'oiagbj^ble) = -^2A, 4(096^2^16^18) = -3^261/58, 4(«9^12^16^18) = -^^^Vl^- 

It follows from these relations that 
Ker 4 = 0, 

Coker 4 = Z3[a4, os, oio, a;26]/(a;26al) © (^Z3[a4, as, oio, a;26]/(a;26a4)) {?/2o, I/22} 

© Z3[a4, 08, aio]{?/|o) I/22, ^201/22, l/ss, ^60, yi%\- 

Thus we obtain that 

E'^ = Coker 4 © Zafag, aio, X26]{|/26, vle, l/2o?/26, l/22?/26, Vga} © (2) © (3) © (4) © (6) © (7). 
Now the differential 4 is non trivial only on (7) which is mapped to the following 

Coker 4 © '^sl^s, aio, a;26]{2/26, Vw, 2/20^/26, 2/22^/26, Vga.}- 
Here to determine 4 ('^9^12^16618), we use the formula 

ame + «8l/22 = -08^/22 + aioZ/20 = -aioZ/20 - «4Z/26 = 9^ (bubiabis) , 

from which we see that —a^y22 + a-io2/2o = —^81/22 on i?^, since —a^y22 and aio2/2o are of 
filtrations 1 and 2 respectively, and hence we have 4(^9^i2^i6^i8) = «8^262/22- For the other 
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elements of (7), the calculation of d[ is straightforward from (13. 6p . and the results are as 
follows: 

(fl (09612616) = -X26a4a8, (AiO'9bl2bl6bl^) = -2;26?/22|/26, 

d[{agbi2blQ) = -X26a8l/2o, d[{agbi2bjQbis) = -X26I/20Z/26, d^iagbubl^bl^) = -X26l/64- 
Hence we have that 

Ker d[ = 0, 

Coker d[ = Z3 [04, Og, Oio, X26]/(a:;260'i 2:260.40.8) 

e (l^aitti, as, oio, a;26]/(a;2604, a;2608)) {1/20, ^22} 

© Z3[a4, as, aio]{y^Q, yl^, |/2o?/22, 1/58, 1/60, Z/76} 1" 

© Z3[a8,aio,X26]{|/26,?/i6,?/64} © ^3(08, aio]{l/20?/26, ?/22?/26}- 

Thus we obtain that 

E'^ = Coker d\ © (2) © (3) © (4) © (6). 

For degree reasons we see that the elements 09616618, 096166^3, agb\^ in (3) are rfg-cycles and 
so they survive to E'.^. 

Observe that the differential d'2 is non trivial only on (4). The differential d'2 maps (4) 
to the following summands 

Z3[a4, as, oio, X26]/ (a;2604, 2:260408) © l^ziO'S, oio, X2%\{y2%, ylo)- 

It follows from (13. 6 p that 

4(096^6) = -a;2608, d'^iagblobis) = -X2&asy2&, d'^ia^hl^hl^) = -X26I/26, 

d'^iagbubl^bls) = -X26l/64- 

First we calculate the differential 

6^2 : Z3[a8, Oio, X26]{o96^g} — Z3 [04, ttg, OiQ, a;26] / (3^2604, 0:260408) , 

where we have that 

Z3 [04, 08,aio,X26]/a;26 (04,0408) = Z3[a4, Os, Oio] © Z3[a4, 08]/(04, 0408) ® Z3[aio] ©Z3[X26]^. 

We see that 

Ker (4 I Z3[a8,oio,X26]{o96^6} = 0' 
Coker d'^ = Z^la^, as, oio, X26]/a;26(ol, 0403, aj) 

(3.7) = Z3[a4,08,Oio] © Z3 [04, a8]/(04, 0408,03) (g)Z3[aio] ©Z3[X26]^. 

Also we easily see that 

Ker 4 I Z3[a8,Oi0,X26]{o96i66i8,O96i26?66?8} © Z3[aio, X26]{096?66?8} = 0, 

Coker 4 = (z3[o8, oio, X26]/a;26 08j {1/26} © ^afos, oio]{i/|6, ^64}- 
When we set 
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F = {^Z3[a4,as,aio,X26]/x2fi{al,a4as,al) 

© ^^3(04, as, aio, X26]/ (x26a4, 3^26^8)) {2/20, 1122} 
© Z3[a4, ag, aio]{l/io5 Z/22) 1/20^/22, Z/58, 2/60, Vre} 
© (^Z3[a8,aio,X26]/a;26a8){?/26} 

© Z3[a8,aio]{y20l/26,Z/22l/26,l/|6)?/64}) ® Z3 [xae , X48 , 2:54] , 



we obtain 

E^ = F©(2)©(3)©(6). 
We observe that the differential d'^ is non trivial only on the summand 

^slaio, X26]{agbi2bis} © I^siaio, X26] © A(a8){a96i26i8}- 
It follows from (13. 6p that 



First we calculate 

(ig : Z3[aio, X26]{a9&i2&18} — ^ Z3[a4, Og, Oio, a;26]/a;26('3'4, a4a8, o-s)- 
Using (13 .yp . we obtain that 

Ker 4 I Z-i[aio, X2e\{agbi2bis} = 0, 

(3.8) = Z3[a4, 08, flio] © ^3(04, 08, flio]/ (a^ "408, 04010, flg) ® Z3[X26]^- 

By a similar way, we see that 

Ker (ig | Z3[aio,X26] © A(a8){a96i26?8} = Z3[aio, X26]{a9a8&i2&?8}' 
Coker 4 | Z3[aio,a;26] © A(a8){a96i2fe?8} = Z3[a4, as, aio]{2/22} © Z3[x26]^{2/22}- 

Thus we obtain that 

E'4 = i7j3[a4,as,aio,X2Q]/x2Q{a1,a4a8,a4aio,al) 



d'siagbubis) = -3:2604010, d'^iagb^bl^) = -X26aio2/22- 




©Z3[x36,a;48,X54]. 
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The following are the only non trivial differentials on E'^: 

d'i '■ 'Z^laiQ, X2e]{a9biQbis} — ?■ Z3[a4, Og, aio, a;26]/a^26('j^4; ct4fl8; ct4fliO) Og), 



d'i : Zslaio, X26\{aQbi6b'l^} -> (^Z3[a8, aio, a;26]/a;26a8j {^26}, 

which are given by 

^4(09610618) = —X2Qa8aiQ, (^4(09616^18) = ~3;26aio2/26 

respectively. Hence we have respectively that 

Ker 4 I Zslaio, X2e]{agbi6bi8} = 0, 
Coker d'^ \ Zslaw, X2e]{agbiebi8} 

= 1j3[a4, as, Oio, X2e\/x2e{0'4, a^ag, 04010, c^S) (^sO'io) 

= Z3[a4,a8,aio] © Z3[a4, aio]/(ai 04^8, ^4010, Og, 08^10) ® 'Z3[x2qI 

(3.9) = Z3[a4, ag, aw] © Z3{a4, ag} ® Z3[x26]+ © ^slaw] ® Z3[x26]^; 

Ker d'4 I Z3[aio,X26]{a96i66?8} = 0, 
Coker ^4 | Z3[aio, X26]{a96i66?g} = (^Z3[ag, aio, X26]/a;26(a8, oio)) {z/26} 

= (Z3[ag,aio] © Z3[a;26]+){y26}- 

If we set a submodule 

L = Z-ilas, aio]{y26} © Z3[x26] + {l/26} 

© Z3[a4, ag, aio]{?/22} © Z3[x26] + {y22} 

(3.10) © Z3[a4, ag, aio]{|/|o, vh^ 2/20I/22, 2/58, Veo, Vie} 

© Z3[ag, aio]{|/2o2/26, 2/222/26, Vga} 

© Z3[2;26]{a9, 2/21, 2/25, 2/27, 2/2iag, 2/2iaio, 2/25aio, 2/2i2/26}, 

we obtain that 

-^5 = (^-^ © ^3['jf4, ag, aio, X26]/a^26('24, 'j^4ag, a4aio, ag, agaio) 
© Z3[a4, ag, aio, X26]/a;26(a4, ag){|/2o} 

© Z3[aio,X26]{a9ag6i26?8} © Z3[aio, X26]{a96?g} ) © Z3[X36, X4g, X54]. 



To determine Eq, we need the following 
Lemma 3.4. d'^{aga8bi2b'ls) = -a;26a?o2/20- 
Proof. It follows from (13. 6 p that 

(i (^08(09612618 - Ci7(9(6i26ig))j = -X26agaio2/22- 
Using the relation — a82/22 + aio2/2o = ^^(612616618) and the formula (13. 6p . we have that 
(i( 010(09612616618 - £179(612615618)) ) = -aioa;26(-ag2/22 + aio2/2o)- 
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Hence we obtain that 

di^agasbublg - cnasdibubjg) + agaiob^biebis + ci7aio(9(6i2&i6&i8)) = -a;26aio2/20, 
which imphes the lemma. □ 
Therefore the only non trivial differential 

4 '■ ^3[aio,a;26]{a9a8&i2&?8} ^ (Z3[a4, ^s, oio, X26]/a;26(«4, ^s)) {z/20} 

is given by d'^iagasbubl^) = -a;26a?o2/2o- 
Hence we have 

Ker 4 I Z3[aio,X26\{a9asbi2bl^} = 0, 
Coker 4 | Zslaio, X26]{agasbi2bl^} = (^Z3[a4, as, aio, a;26]/a:26(a4, as, a?o)) {2/20} 

= Z3[a4, as, aio]{i/2o} © ^3[x26V{y2o, aio|/2o}- 

Thus we obtain that 



i?g — ( L © Z3[a4, ag, aio, X26]/a^26(a4, a4a8, a4aio, ag, agaio) 
© Z3[a4, ag, aio]{?/2o} © '^3[x26]^{y2o, aio2/2o} 

© Z3[aio,X26]{a9&?g}) © Z3[x36,a;4g,X54], 



where we recall that L is defined at fl3.10p . 

Finally we observe that the following is the only non trivial differential 

d'e '■ Z3[aio, X26]{a9&ig} — Z3[a4, ag, aio, a;26]/a^26(a4, a4ag, a4aio, ag, agaio) 

given by dQ^agbl^) = — X26aio- Using (13. 9p . we have the presentation 

Ker 4 I Z3[aio,X26]{a96?g} = 0, 
Coker d^ \ Z3[aio, X26]{a9&?g} = Z3[a4, ag, aio] © Z3[x26]"^{l, a4, ag, aio}. 

Thus we obtain that 



E'j = [Zsla^, ag, aio]{l, 1/20, Z/lo' I/22, vh^ I/20Z/22, l/ss, Z/eo, Vre} 

© Z3[ag, aio]{?/26, 1/26) Z/201/26, Z/221/26, Z/64} 

© Z3[x26]"^{l, a4, ag, aio, 1/20, cno2/2o, 2/22, 1/26} 

© Z3[x26]{a9, y2l, 1/25, 1/27, l/2iag, l/2iai0, l/25ai0, 1/211/26} 
(g)Z3[a;36,X4g,X54]. 

Since all the generators aj, Xj, j/^ chosen in Lemma 13.21 can be seen to be cocycles by 
direct calculation in the differential algebra {V,d), we see that E'^ = E'^ = E-j and 
E'j = Eoo- Thus we have proved Theorem 12.11 
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4. Proof of Theorem 2.3 

Using the presentation of Theorem \2.1\ we can hst up all the relations, which are calcu- 
lated in the complex (V^, d) defined in Section 3. The calculation is usually straightforward, 
although it becomes more systematic when using the auxiliary derivation d defined in (13.31) . 

First we need two lemmas. 

Lemma 4.1. We have that 

agd'^Q = y2id'^Q = y2bd'^Q = |/27'9^Q = X26d'^Q = 0, 
where Q is an element o/Z3[a4, as, ctio, ^12, ^le, ^is]- 
Proof. agd^Q = didQ), y2id^Q = dia^Q + b^dQ), 

The last equation was proved in Lemma 13.31 □ 

Lemma 4.2. The -image is generated over Z3[a4, ag, aio, X36, X48, X54] hy the elements 
in the table (4.0) in the next page. 

Proof of Theorem 2.3.B One can show the relations in i) by expressing the 
elements in terms of and bj and those in ii) by case by case checking as follows: 

al = d{cn), yl^ = dic^bl^, y^^ = difnbl^, y^j = d{cnbl^, 

a9?/2i + 2:2604 = d{cnbi2), agy25 + X26as = d{cnbiQ), 091/27 + a;26aio = d{ci7bis), 

I/21Z/25 + 3^261/20 = d{cnbi2biG), ^211/27 - a;26y22 = d{Cubi2bls) , y25y27 - X26y26 = difi-jbi^biij. 

The first five relations in iii) are immediate from Lemmas 14 . 1 1 and l3 . 31 One can show the 
remaining relations by appealing to the relation d{Q) = agdQ + Cnd'^Q for Q G Z3[aj, bj] 
and the table in Lemma 14. 2t 

0904 = d{bi2), agas = dipio), Ogaio = ^(feis), 

?/2ia4 = d{b\^), ?/25«8 = d{b\f^), ?/27«io = dipl^), 

y2ias + 092/20 = 2/2504 - 092/20 = dibubm), 

2/21010 - 092/22 = 2/27O4 + 09?/22 = dibubis), 

2/25O10 - 092/26 = 2/27O8 + 092/26 = d{biebis), 

2/212/20 = d{-bl^bie), 1/252/20 = di-bubj^), 

2/212/22 = d{-bl^bis), 2/272/22 = d{-bi2bls), 

2/252/26 = di-bl^bis), 2/272/26 = d{-biebls), 

2/272/20 - 2/252/22 = 2/252/22 + 2/2l2/26 = "2/272/20 " 2/2l2/26 = C?(-&12&16&18) • 

Proof of Theorem 2. 3. A First we have to show that D Z^Ix^q, X4s, 2^54] is an ideal 
of Cotorj|^.(^g-)(Z3, Z3). We denote by a subalgebra 

^3[04) Os, Oio, 612, biQ, bis] 

of V defined in Section 3. By Lemma [3.11 we obtain a module isomorphism 

V = T{ag, C17) (^S = T{ag, c^y S ® S. 
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Q 


9<9 






612 


— 04 







^16 


—as 







bis 


—o-io 







bio 


04612 


—04 




ib 




— Oo 






10 




— 0?n 




^12^16 


— ddbifi— (Xs6i2 


-0403 




612&I8 


— — 0-10^12 


— O4O10 




&16&18 


— 0-8^18 — ^^10^16 


— ogOio 




blobie 


Q'4^12^16~'3'8^?'? 
'-t ±^ ±\j ^i.z 


— 042/20 = 


—04616+0408612 


612 &16 


-046^5+08612616 


082/20 = 


O4O8616 — O8612 




(X4612618 — 010612 


-042/22 = 


-O4618+O4O10612 


iz io 


— (i46?fi +ai n6i 961 s 


0102/22 = 


O4O10618— O10612 


&?fi&18 




-082/26 = 


-03618+08010616 




— a86?Q+0'in6ifi6is 


Ol02/26 = 


O8O10618 — 0^0616 


6l2&16^18 


— 04616618—08612618— ^10612616 


-042/26+0102/20 = -082/22-0102/20 = 042/26+082/22 








— O4O8618 — O4O10616 — O8O10612 


blobl. 

ID 


0461 26?K+o«6?o6i 6 


-2/20 = 


-0l6?6-04086i26i6-a|6?2 


iz io 


a46i'!6?o+ain6?9 6is 

■rt X ^ _j_ ^ 1 xi^ _Lii xo 


-2/22 = 


—046^8—04010612618—0^06^2 


iu io 


086ifi6?o+ain6?K6i8 

"^O Xw _j_^ ' -Lyf Xo xo 


-2/i6 = 


"0^8^18 ^'^8010616618 — 0^06^6 


6?9&16&18 


^^4612616618 — (3^8^12^18 — ^10^12^16 


-2/202/22 = 


-04616618+0408612618+04010612616-080106^2 


61 oh'iah^ ft 


— tt46?R6i R+a86i 061 fi6i ft— ai n6i o6?r 


2/202/26 = 


O4O8616618-O4O10616-O8612618+O8O10612616 


?'l2&lfi&?« 


—046166^8—086126^3+010612616618 


-2/222/26 = 


-04086f 8+04010616618+08010612618-010612616 


±Z ±0 


046i26?fi6i8+a86?96i66i8— aio6?96?fi 

^^*rt *^Xii^j_Q*^xo ' XZ xu** XO xw XZ XD 


2/58 = 


-O|6?66l8-O4086i26i66i8+O40io6i26?6 








-O§6?2^18+O80io6f2^16 


-LU 15 


046i26i66?Q— a86?o6?«+aio6?o6i66i8 

^ X 1 u Xo X Z X XZ xu*' xo 


2/60 = 


-o|6i66^8 +0408612618-04010612615618 








+O80io6f26l8-Oio6?2^16 


''I2?>16''l8 


-O46?66i8+O86i26i66?8+ai06l26i66l8 


2/64 = 


O4086i66?8+O40io6?66l8-O86i26?8 








-O80io6i26i66i8-of 06126^6 


?)2 /)2 /,2 
fl2'^16'^18 


046126166^8+086^2616618+0106126^6^18 


2/76 = 


-O|6f6^18-'^4086i26i66?8-040lo6l26?6^18 








-016^26^8 — 080106^2616618 — 010612616 
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Now we will show that T{ag, Cn)^ ® 5* is a two sided ideal of V. Recall the relations in 
V : 

bjag = agbj + Cnttj^s for j = 12, 16, 18; 
ajag = agttj for j = 4, 8, 10; 

Qci7 = CnQ for Q e S, 

and also observe that 

QT{ag, ci7)+ ®S C T{ag, 017)+ for QeS 

which is obtained by the repeated use of the above relations. Thus T{ag,cn)~^ ® 5* is a 
two sided ideal of V. Let Z{V) and B{V) be the sub-groups consisting of cocycles and 
coboundaries in V respectively. Thus we have 

Z{V) = ((T{ag, ci7)+ ®S)n z(F)) ®sn Z(V), 
B{V) = [{T{ag, ci7)+ ^s)n B(y)) ®sn B{V). 



Using the fact that T{ag, cn)^ ^ S is a two sided ideal of V, we can show that 

{T{ag, ci7)+ (g) 5) n Z(V) and {T{ag, Cn)+ ® S) n Z{V) 
are both two sided ideals of Z(y). Hence 

(T(a9,Ci7)+g)g)nZ(F) 
{T{ag,ci7)+®S)r\B{y) 

is an ideal of H*{y) = Cotorj:^.(^g)(Z3, Z3). 
Here we have 



(4.1) D (g) Zslxse, X4S, X54\ - 



{T{ag,cu)+^S)nB{V) 

(4.2) ^ ® ^3F36, a;48, 2:54] - ~^Y}B^) 

In particular, it follows from (14. ip that D®Ij^[x2,q, x^^, X54] is an ideal of Cotoi^^i^^^^^ilj^, Z3) 
The remaining part is to check the splitness. By the definition, it means that a relation 

in C Z3[a;36, 0:48, X54] is also that of CotoTfj*!^^^.^^^^,-^, Z3). This fact is a direct consequence 

of checking the relations stated in Theorem 2.3.B. 

5. The May spectral sequence 

In this section, we review our calculations from the view point of the May spectral 
sequence |Mayl 2]. For the sake of convenience, we recall the construction so that it fits 



to our situation. Let us recall from |KMj the following 
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Theorem 5.1. As an algebra, we have 

H*{Ee) = Zslxs]/ i^l) ® A(x3, Xj, Xg, Xn, X15, x^), 

where the reduced diagonal map induced from the multiplication (p : H*{Eq) — )■ H*{Eq) (g) 
H*{Eq) is given by 

ip{xj) = xs ® Xj-8 for j = 11, 15, 17, 
^(xj) = otherwise. 

Let A = H*{Eq) and / the augmented ideal generated by the elements X3, X7, xg, xu, X15, 
X17. Let C^(Z3, Z3) be the cobar complex |Mayl[ 2] and [xi| ■ • ■ |x„] denote an element of 
C^(Z3, Z3) = J®^ and ^^(Za, Z3) = [ ] = Z3. Then we can define a weight w of [xi| ■ ■ ■ |x„] 
by 

minj^i + ■ ■ ■ + Hi \ Xj e I^^ , j = 1, ■ ■ ■ ,i} ] 
let F^C^(Z3, Z3) be the ideal generated by the elements [xi| ■ ■ ■ |x„] where 1 < z such that 

v{[Xi\ ■ ■ ■ \Xn]) > p. 

The construction of an injective resolution (see [SI] and |MS] ) induces a surjection p 
from C^(Z3, Z3) to V defined in Section 3; more concretely it is described as ^([xs]) = 04, 
p{[x7]) = as, pi[xs]) = ag, p([x^]) = Cn, pi[xn]) = bu, ^([xis]) = 616, ^([xit]) = &i8- We see 
thatw([x8]) = 2andw([xj]) = 1 for the other elements. Since ^(096^) = w{bjag—cnaj^s) = 
2 for j = 12, 16, 18, we can introduce the fihration F^F in V by p(FPC* (Z3, Z3)). We also 
use the same letter w for the weight of an element of V. Then we have w{cn) = 2 and 
w{ai) = w{bi) = 1. We denote by {Ep{V), dp} the spectral sequence of V induced from the 
above filtration. 

Lemma 5.2. (i) We have 

Ei{V) = Z3[x26] ® Z3[a4, as, aio] ® A(a9) ® 1^?,[bi2, &16, ^is], 

where w^a^) = w{as) = u'(aio) = u){ag) = w(&i2) = w^bi^) = w{bis) = 1 and w{x26) = 3. 

(ii) After the Ep{V)-term for p > 1, the spectral sequence coincides with the May 
spectral sequence which converges to Cotorj:^.(-^^)(Z3, Z3). 

Proof. Since the only non trivial differential is given by dglcn) = Og, the argument to 
obtain Ei{V) is the same as Section 3. The rest of the lemma follows from the definitions 
of the May spectral sequence and the filtration. □ 

The next lemma follows from the proof of Lemma 13.21 

Lemma 5.3. E2{V) is obtained from the differential 

diibu) = -0409, di{bie) = -asOg, di{bis) = -oioOg. 



Hence E2{V) is given in the formula of Lemma 13.21 
At this point, the meaning of Lemma 3.7 given by |MSj becomes very clear. 
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Proposition 5.4. E-^iV) is obtained from the differential 

d2{agQ) = -X2Qd'^{Q) for Q G ^3(04, as, aio, 612, ^le, ^is]- 
Furthermore, the May spectral sequence collapses at E^{V). 

Proof. By Lemma [3.31 we have 

X2fyd'^{-Q) = d{agQ + cndQ). 

For the elements indicated from (3) to (7) at Lemma 13.21 it is easily shown that 

w{agQ + CndQ) = min{w{agQ), wicndQ)} = 1 + wiQ), 
w{x26d\-Q)) = w{x2g) + wid\-Q)) = 3 + w{Q). 

So we obtain the assertion since agQ + cndQ is represented by agQ at E2{y). The other 
statement follows from the calculation of Ej in Section 3. □ 

Remark 5.5 The argument in this section is hinted by the second work of Evens and 
Siegel |ESj . They have given an example of an ungraded Hopf algebra with the type P 
such that the May spectral sequence does not collapse at the i?2-term. Corresponding to 
their example is ours in a graded sense. The calculation of |MSj for other exceptional Lie 
groups for odd prime seems probably to imply that the May spectral sequence converging 
to Cotorj:^.(Q)(Zp, Zp) collapses at the ii^s-level but does not at the i?2-level possibly except 
the case {E^, 3). 
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